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Definitions

Consider a set of n individuals indexed by [n] = {1,...,n}.

Definition (Partition of [n])

A partition p, = {G1,..., Gk} of [n] is a decomposition of [n] in k disjoint
(non-empty) subsets, called clusters: [n] = U;G; and G; NG = 0 for i # j.

Definition (Feature allocation of [n])

A feature allocation f,, = {A1,..., Ax} of [n] is a multiset of & (non-empty) subsets
of [n] (counted with their multiplicities), called features: no index i € [n] belongs
to infinitely many features.

Example (n =4, k = 3)
P4 = {{27 4}7 {L 2}7 {3}}
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Exchangeable random partition and feature allocation

Definition (Exchangeable random partition)

A random partition P,, of [n] is called exchangeable if for any permutation o : [n] — [n]
and every partition {G1,..., Gy} of [n],

P(P, ={0(G1),...,0(Gr)}) = P(P, = {G1,...,Gi})
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Exchangeable random partition and feature allocation

Definition (Exchangeable random partition)

A random partition P,, of [n] is called exchangeable if for any permutation o : [n] — [n]
and every partition {Gy,..., Gk} of [n],

P(P, ={0(G1),...,0(Gr)}) = P(P, = {G1,...,Gi})

Definition (Exchangeable random feature allocation)

A random feature allocation F,, of [n] is called exchangeable if for any permutation
o : [n] — [n] and every feature allocation {A, ..., Ag} of [n],

P(F, ={0o(A1),...,0(Ap)}) = P(F, = {A1,..., Ax})
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EPPF and EFPF

EPPF for exchangeable random partition

A random partition P,, of [n] is exchangeable

<= there exists a symmetric function p,, : C;, — [0, 1] such that, for every partition
{G1,...,Gy} of [n],

P(Pn={G1,...,Gx}) = pa(IGal, - -, |Gkl)

The function p,, is the EPPF of P,,.
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EPPF and EFPF

EPPF for exchangeable random partition

A random partition P,, of [n] is exchangeable

<= there exists a symmetric function p,, : C;, — [0, 1] such that, for every partition
{G1,...,Gy} of [n],

P(Pn={G1,...,Gx}) = pa(IGal, - -, |Gkl)

The function p,, is the EPPF of P,,.

EFPF for exchangeable random feature allocation
There exists a symmetric function 7, : U3 [n]® — [0,1] such that, for every ordered
feature allocation (A, ..., Ag) of [n],

P(F, = (A1,...,Ap) = (A1, . .., |Ax])

The function m,, is the EFPF of F),

— the random feature allocation F,, of [n] is exchangeable. ,
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Consider (Py,), (respectively, (F},)n) a sequence of exchangeable random partitions
(respectively, feature allocations).
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Consistency

Consider (Py,), (respectively, (F},)n) a sequence of exchangeable random partitions
(respectively, feature allocations).
Definition (Consistent sequence)

(Pn)n (respectively, (F,),) is consistent if the distribution of P,, (respectively, F;,) may be
obtained from the distribution of P, 41 (respectively, F,,11) by marginalizing out the n + 1
individual.
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Examples of e. ¢. random partitions

Example (The two-parameter family (also known as Ewens-Pitman family))

A random partition is a two-parameter () process, if its EPPF has the form

(0 + a)k—11a £
|| (I =)y
(‘9 + l)n—lT ll_‘! )

m—1
where (z)m18 = H (z +1iP) and (z)o1g = 1.
=0
Parameters (o, @) are such that either:
e o€ [—00,0) and § = m|a|,m =1,...,00 with proper definition in the limiting
cases;

e ac[0,1] and 6 > —au.
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Examples of e. ¢. random partitions

Example (The two-parameter family (also known as Ewens-Pitman family))

A random partition is a two-parameter () process, if its EPPF has the form

(0 + a)k—11a £
|| (I =)y
('9 + l)n—lT ll_‘! )

m—1
where (z)m18 = H (z +1iP) and (z)o1g = 1.
=0
Parameters (o, @) are such that either:
e o€ [—00,0) and § = m|a|,m =1,...,00 with proper definition in the limiting
cases;

e ac[0,1] and 6 > —au.

Special case: the Ewens family (”Dirichlet Process”) when o = 0.
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Examples of e. c¢. random feature allocations with EFPFs

Example (The 3-parameter Indian buffet Process (3IBP))

A feature allocation is a 3-parameter (7, «,0) IBP, with v > 0, a € [0, 1], 0 € [—a, 00), if it
admits EFPF of the form

k
1 Y 7, 11
b (reies) o () Lo

=1

where ( H x+1) and (z)or = 1.
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Examples of e. c¢. random feature allocations with EFPFs

Example (The 3-parameter Indian buffet Process (3IBP))

A feature allocation is a 3-parameter (7, «,0) IBP, with v > 0, a € [0, 1], 0 € [—a, 00), if it
admits EFPF of the form

k
1 Y 7, 11
E((H—) eXp( ZV +9 )H 1= &)my—14(0 + A)n—mt

Dp—11 )i—11 P

where (2)m,4 = H x+1) and (z)or = 1.

Special cases:
e the 2-parameter (v, 60) IBP: o =0
e the l-parameter v IBP: « = 0,0 =1
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Gibbs-type partitions

Definition (Gnedin and Pitman 2004)

An exchangeable random partition is said to be of Gibbs form if for some
nonnegative weights W = (W;) and V' = (V}, 1), its EPPF satisfies

k
Pa(A1s - Ak) = Vi [ ] W, (1)
=1

for all 1 <k <n and all compositions (A1,...,Ag) of n.
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Gibbs-type partitions

Definition (Gnedin and Pitman 2004)

An exchangeable random partition is said to be of Gibbs form if for some
nonnegative weights W = (W;) and V' = (V}, 1), its EPPF satisfies

k
pn()\l,...,)\k) = mGHW/\l (1)
=1

for all 1 <k <n and all compositions (A1,...,Ag) of n.

Example

The two-parameter family (Ewens-Pitman family) is a class of Gibbs-type
partitions.
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Feature allocations with product-form EFPF's

Definition (Battiston et al. 2018)

An exchangeable feature allocation is said to have product-form EFPFs if for an
infinite array V = (V1 : (n,k) € N x Ny) and two sequences W = (W; : j € N)
and U = (U; : j € Np) of nonnegative weights, its EFPF satisfies

k

Tn(mi,...,mg) = Vi H Wi, Un—m; (2)
S
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Feature allocations with product-form EFPF's

Definition (Battiston et al. 2018)

An exchangeable feature allocation is said to have product-form EFPFs if for an
infinite array V = (V1 : (n,k) € N x Ny) and two sequences W = (W; : j € N)
and U = (U; : j € Np) of nonnegative weights, its EFPF satisfies

k

TI'n(ml, ce ,mk) = Vn,k H Wml Un—ml (2)
=1

Example

The 3-parameter Indian buffet Process (as well as the 2IBP and the 1IBP) and the
Beta-Bernoulli process are exchangeable feature allocations with product-form
EFPFs
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Characterizations of the weights

Gibbs-type partitions Feature allocations with product-form

<= (Gnedin and Pitman 2004) <= (Battiston et al. 2018)
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Characterizations of the weights

Gibbs-type partitions
<= (Gnedin and Pitman 2004)

e the sequence W s.t.
* o€ (—o0,1):

Wj=(1-a)j1

Feature allocations with product-form

< (Battiston et al. 2018)

e the sequences W and U s.t.

*a€(—00,1),0 € (—a,

W = (1_a)m—lT7

00):

U, = (9+04)m'r
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Characterizations of the weights

Gibbs-type partitions
<= (Gnedin and Pitman 2004)

e the sequence W s.t.
* o€ (—o0,1):

Wj=(1-a)j1

Feature allocations with product-form

< (Battiston et al. 2018)

e the sequences W and U s.t.
*a € (—00,1),0 € (—a,0):

W = (1_a)m—lT7

U, = (9+04)m'r

* o= —c0,q € (0,1)

Wm = qulj

Upn=(1-q)™
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Characterizations of the weights

Gibbs-type partitions Feature allocations with product-form

<= (Gnedin and Pitman 2004) <= (Battiston et al. 2018)
e the sequence W s.t. e the sequences W and U s.t.
*ae (—oo,1): *a € (—00,1),0 € (—a,0):

Wj = (1 — Oé)j_m W = (l—Oé)m_lT, U, = (9+04)m'r
* o= —o0: *a=—00,q€(0,1):
Wj=1 Wi =q""" Un=(@1-q"

e the array V satisfies a recursive e the array V satisfies a recursive

equation equation
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Gibbs partitions and product-form features as mixtures

Gibbs-type partitions Feature allocations with product-form

<= (Gnedin and Pitman 2004) <= (Battiston et al. 2018)
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Gibbs partitions and product-form features as mixtures

Gibbs-type partitions Feature allocations with product-form

<= (Gnedin and Pitman 2004) <= (Battiston et al. 2018)

e a € (0,1): mixture over s of e a € (0,1): mixture over 7 of 3
Poisson-Kingman («s)-partitions; -parameter IBPs;

e o = 0: mixture over 6 of the Ewens e o = 0: mixture over 7y of 2
(0, 0)-partitions; -parameter IBPs;

e o € [—00,0): mixture over m of e o € [—00,0): mixture over N of
(c, |alm)-partitions Beta-Bernoulli models with N

features
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Stable beta scaled processes SB-SP

From Proposition 4 of Camerlenghi et al. 2021, the EFPF of the feature allocation
induced by the SB-SP (o, ¢, 3), with o € (0,1),¢,3 > 0 is

1 o Tk +et+1) {5 Dlmy—o)l(n—my +1)
k(B + %()"))Mcﬂp(c +1) 0y I'n—o+1)

ﬂ'n(ml,. . .,mk) =
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Stable beta scaled processes SB-SP

From Proposition 4 of Camerlenghi et al. 2021, the EFPF of the feature allocation
induced by the SB-SP (o, ¢, 3), with o € (0,1),¢,3 > 0 is

1 kﬁcﬂf(k +c+1) b I'(m;—o)l'(n—m;+1)
kL + 7 )k+c+lr(c +1) I'(n—o+1)

ﬂ'n(ml,. . .,mk) =

or equivalently
k

ok getl 1
1 6 (c+ Drt (1 = 0)my—1+(Dn—myt

(B 448 el (1 = o)ng 17

Tn(mi,...,mg) =
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Stable beta scaled processes SB-SP

From Proposition 4 of Camerlenghi et al. 2021, the EFPF of the feature allocation
induced by the SB-SP (o, ¢, 3), with o € (0,1),¢,3 > 0 is

1 kwﬂrw+c+m krmu—@rm—nn+n
kg + 7 )k+c+lr(c +1) I'n—o+1)

ﬂ'n(ml,. . .,mk) =

or equivalently

1 kﬁ*%c+1) b

k! B+ )k+c+1(1 O)nt 11
Let « = 0 € (0,1), the sequences of weights are

Wi =1-&)m-11, Un=(a+0)m
with a € (0,1),0 =1 — a.

Tn(ma, . .. 7mk) (1 - J)ml*”(l)n*mﬁ

14 /15



Stable beta scaled processes SB-SP

From Proposition 4 of Camerlenghi et al. 2021, the EFPF of the feature allocation
induced by the SB-SP (o, ¢, 3), with o € (0,1),¢,3 > 0 is

1 kwﬂrw+c+m krmu—@rm—nn+n
kL + 7 )k+c+lr(c +1) I'(n—o+1)

ﬂ'n(ml,. . .,mk) =

or equivalently

1 k&*%c+1) i

k! B+ )k+c+1(1 O)nt 11
Let « = 0 € (0,1), the sequences of weights are

Wi =1-&)m-11, Un=(a+0)m
with a € (0,1),0 =1 — a.

Tn(ma, . .. 7mk) (1 - J)ml*”(l)n*mﬁ

= it is a mixture over vy of 3-parameter IBP (v, 0,1 — o) distributions.
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Partition - definition

Consider a set of n individuals indexed by [n] = {1,...,n}.

Definition (Partition of [n])

A partition p, = {G1,..., Gk} of [n] is a decomposition of [n] in k disjoint
(non-empty) subsets, called clusters: [n| = U;G; and G; NG = 0 for i # j.
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Consider a set of n individuals indexed by [n] = {1,...,n}.

A partition p, = {Gi,...,G} of [n] is a decomposition of [n] in k disjoint
(non-empty) subsets, called clusters: [n] = U;G; and G; NG = 0 for i # j.




Consider a set of n individuals indexed by [n] = {1,...,n}.

A partition p, = {G1,...,G}} of [n] is a decomposition of [n] in k disjoint
(non-empty) subsets, called clusters: [n] = U;G; and G; NG = () for i # j.
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Feature allocation - definition

Consider a set of n individuals indexed by [n] = {1,...,n}.

Definition (Feature allocation of [n])

A feature allocation f, = {A41,..., A} of [n] is a multiset of k (non-empty) subsets
of [n], called features: no index i € [n] belongs to infinitely many features.
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Feature allocation - definition
Consider a set of n individuals indexed by [n] = {1,...,n}.

Definition (Feature allocation of [n])

A feature allocation f,, = {A1,..., Ax} of [n] is a multiset of k (non-empty) subsets
of [n], called features: no index i € [n] belongs to infinitely many features.

pa = {{2,4}, {1}, {3}}

P4 = {{2a 4}’ {1’ 2}a {3}}

P4 = {{27 4}a {17 2}7 {3}7 {1> 2, 3}a {27 5}}
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Examples of e. c¢. random feature allocations with EFPFs

Example (The Beta-Bernoulli Process)

A feature allocation is a Beta-Bernoulli with parameters (N, «, ), with N € N,
a € (—00,0), 0 € [—a,00), if it admits EFPF of the form

(]Z) ((9 J: Z)m) k ((eéfi”T)N f[ (1 = @)my-14(0 + W)n—myt

=1

For o — —o0, N q € (0,1), the homogeneous Bernoulli model of parameters

(N, q) is obtained. In the following refer to the homogeneous Bernoulli model of
parameters (N, q) as the special Beta-Bernoulli model with @ = —oo and
characterize it with ¢ € (0,1).
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Characterization of weights in Gibbs-type partitions

Theorem (Lemma 2 of Gnedin and Pitman 2004)

The distribution of a consistent exchangeable random partition is of Gibbs form,

with W1 = Vi1 if and only if
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Characterization of weights in Gibbs-type partitions

Theorem (Lemma 2 of Gnedin and Pitman 2004)

The distribution of a consistent exchangeable random partition is of Gibbs form,
with W1 = Vi1 if and only if one of the following two cases holds:

(1) W can be uniquely written as W; = (1 — «)j_14 for fived o € (—00,1), and the
elements of V' satisfy the recursion (with Vi1 =1)

Vn,k = (TL - ak)Vn—i-l,k + Vn—&—l,k—f—h 1<k<n

(i1) W can be uniquely written as W; =1 and V satisfies the recursion (with
Vipn=1)

Vak = EVati g + Vog1 k41, 1<k<n

corresponding to the limiting case a — —oo (indicate this case with « = —o0).

19/15



Characterization of weights in product-form feature allocations
Theorem (Battiston et al. 2018)

The distribution of a consistent exchangeable feature allocation has product-form EFPF if and only

if
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Characterization of weights in product-form feature allocations

Theorem (Battiston et al. 2018)

The distribution of a consistent exchangeable feature allocation has product-form EFPF if and only
if one of the following two cases holds:

(i) W and U can be uniquely written as Wy, = (1 — @)m—11 and U, = (6 + &) mr, for fized ., 0
satisfying a € (—o0,1) and 6 € (—a, ), and the elements of V' satisfy the recursion

[eo]

Vg =Y (k j j) (0 + @)nt)’ (0 + 1) Vig1 btj

=0

(ii) W and U can be uniquely written Wy, = ¢™ " and U, = (1 — q)™, for some q € (0,1), and
V' satisfies the recursion

Vit =, ( ) (1= @) Vati bty
—\ ]
J
corresponding to the limiting case a« — —oo and —% — q (indicate this case with o = —oo

and characterize it with q € (0,1)).
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Analogies between the characterizations of the weight sequences

Gibbs-type partitions Feature allocations with product-form

e sequence of weights: W e sequences of weights: W and U
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e W is parametrized by the single e W and U are parametrized by two
parameter o € [—00,1) parameters (c, ) such that

a € [—00,1),0 € (—a,00)
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Analogies between the characterizations of the weight sequences

Gibbs-type partitions Feature allocations with product-form
e sequence of weights: W e sequences of weights: W and U
e W is parametrized by the single e W and U are parametrized by two
parameter o € [—00,1) parameters (c, ) such that
a € [—00,1),0 € (—a,00)
*ae (—oo,1): *a € (—o0,1):
Wj = (1 — a)j—lT W = (1—a)m_1T, U, = (9+a)m¢
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Analogies between the characterizations of the weight sequences

Gibbs-type partitions Feature allocations with product-form
e sequence of weights: W e sequences of weights: W and U
e W is parametrized by the single e W and U are parametrized by two

parameter o € [—00,1) parameters (c, ) such that
a € [—00,1),0 € (—a,0)
* o€ (—oo,1): *a e (—oo,1):
Wj = (1 — Oz)j_m W = (1—a)m_1T, U, = (9+a)mT
* = —oo Is the limiting case: * a = —oo is the limiting case:
Wi =1 Win=¢""" Un=(@1-q"

still parametrized by the single
parameter g € (0,1)
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Gibbs-type partitions as mixtures

Theorem (Theorem 12 of Gnedin and Pitman 2004)

Each Gibbs partition of fixed type o € [—00,1) is a unique probability mizture of
the extreme partitions. In particular,

(i) for a € [—00,0), miztures over m of («, |a|m)-partitions with m =1,. .., co;
(ii) for a =0, miztures over 6 of Ewens (0, 0)-partitions with 6 € [0, cc];
(iii) for a € (0,1), mixtures over s of Poisson-Kingman (a|s)-partitions with
s € [0, 00|, where Poisson-Kingman («, s)-partition refers to the partition

derived from a Poisson-Kingman discrete distribution denoted in Pitman 2003
by PK(pqlt) fort =s"“.
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Product-form feature allocations as mixtures

Theorem (Battiston et al. 2018)

Each feature allocation with product-form EFPF of fixed parameters («,0) (or q if
a = —00) is a unique probability mizture of the extreme feature allocations. In
particular,

(i) for a € [—00,0), miztures over N of Beta-Bernoulli models with N features;
(i) for a € (0,1), miztures over vy of 3 -parameter IBPs;

(iii) for o =0, miztures over vy of 2 -parameter IBPs.
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Analogies between the characterizations of the V-weights

Once fixed the parameters « for the Gibbs type partition and (a, ) for the feature
allocation with product-form EFPF, each of them can be written as

Gibbs-type partitions Feature allocations with product-form
e o € (0,1): mixture over s of e a € (0,1): mixture over vy of 3
Poisson-Kingman («s)-partitions; -parameter IBPs;
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