
 ATISTICAL COMPUTING
 TKLV deSaUWPeQW LQcOXdeV WKe WZR VecWLRQV NeZ DeYeORSPeQW LQ SWa-

 WLVWLcaO CRPSXWLQJ aQd SWaWLVWLcaO CRPSXWLQJ SRIWZaUe ReYLeZV; VXLWabOe
 cRQWeQWV IRU eacK RI WKeVe VecWLRQV aUe deVcULbed XQdeU WKe UeVSecWLYe

 VecWLRQ KeadLQJ. AUWLcOeV VXbPLWWed IRU WKe deSaUWPeQW, RXWVLde WKe WZR

 VecWLRQV, VKRXOd QRW be KLJKO\ WecKQLcaO aQd VKRXOd be UeOeYaQW WR WKe

 WeacKLQJ RU SUacWLce RI VWaWLVWLcaO cRPSXWLQJ.

 SaPSOe QXaQWLOeV LQ SWaWLVWLcaO PacNaJeV

 RRb J. HYNDMAN aQd YaQaQ FAN

 TKeUe aUe a OaUJe QXPbeU RI dLIIeUeQW deILQLWLRQV XVed IRU

 VaPSOe TXaQWLOeV LQ VWaWLVWLcaO cRPSXWeU SacNaJeV. OIWeQ

 ZLWKLQ WKe VaPe SacNaJe RQe deILQLWLRQ ZLOO be XVed WR

 cRPSXWe a TXaQWLOe e[SOLcLWO\, ZKLOe RWKeU deILQLWLRQV Pa\

 be XVed ZKeQ SURdXcLQJ a bR[SORW, a SURbabLOLW\ SORW, RU

 a QQ SORW. We cRPSaUe WKe PRVW cRPPRQO\ LPSOePeQWed

 VaPSOe TXaQWLOe deILQLWLRQV b\ ZULWLQJ WKeP LQ a cRPPRQ

 QRWaWLRQ aQd LQYeVWLJaWLQJ WKeLU PRWLYaWLRQ aQd VRPe RI

 WKeLU SURSeUWLeV. We aUJXe WKaW WKeUe LV a Qeed WR adRSW a
 VWaQdaUd deILQLWLRQ IRU VaPSOe TXaQWLOeV VR WKaW WKe VaPe

 aQVZeUV aUe SURdXced b\ dLIIeUeQW SacNaJeV aQd ZLWKLQ

 eacK SacNaJe. We cRQcOXde b\ UecRPPeQdLQJ WKaW WKe

 PedLaQ-XQbLaVed eVWLPaWRU be XVed becaXVe LW KaV PRVW RI

 WKe deVLUabOe SURSeUWLeV RI a TXaQWLOe eVWLPaWRU aQd caQ

 be deILQed LQdeSeQdeQWO\ RI WKe XQdeUO\LQJ dLVWULbXWLRQ.

 KEY WORDS: PeUceQWLOeV; QXaUWLOeV; SaPSOe TXaQWLOeV;

 SWaWLVWLcaO cRPSXWeU SacNaJeV.

 1. INTRODUCTION

 TKe TXaQWLOe RI a dLVWULbXWLRQ LV deILQed aV

 Q(S)=F-1(S)]LQI^[: F([) >S`, 0<S< 1,

 ZKeUe F([) LV WKe dLVWULbXWLRQ IXQcWLRQ. SaPSOe TXaQ-
 WLOeV SURYLde QRQSaUaPeWULc eVWLPaWRUV RI WKeLU SRSXOaWLRQ
 cRXQWeUSaUWV baVed RQ a VeW RI LQdeSeQdeQW RbVeUYaWLRQV

 ^X1, ... , X,` IURP WKe dLVWULbXWLRQ F. LeW ^X(1), ... X(Q)
 deQRWe WKe RUdeU VWaWLVWLcV RI XL..., XQ `, aQd OeW QL (S)
 deQRWe WKe LWK VaPSOe TXaQWLOe deILQLWLRQ.

 OQe dLIILcXOW\ LQ cRPSaULQJ TXaQWLOe deILQLWLRQV LV WKaW
 WKeUe LV a QXPbeU RI eTXLYaOeQW Za\V RI deILQLQJ WKeP.
 HRZeYeU, WKe VaPSOe TXaQWLOeV WKaW aUe XVed LQ VWaWLVWLcaO

 SacNaJeV aUe aOO baVed RQ RQe RU WZR RUdeU VWaWLVWLcV, aQd

 caQ be ZULWWeQ aV

 QL(S) (O - ^)X(M) + -\[(M +)

 ZKeUe M -P < S < M-P +
 Q Q

 IRU VRPe P E R aQd 0 < a < 1. TKe YaOXe RI a\ LV a IXQcWLRQ
 RI M = LSQ + UQM aQd J = SQ + 7Q - M. HeUe, LIX deQRWeV WKe

 OaUJeVW LQWeJeU QRW JUeaWeU WKaQ X; OaWeU Ze VKaOO XVe F[X WR
 deQRWe WKe VPaOOeVW LQWeJeU QRW OeVV WKaQ X.

 We cRQVLdeU eVWLPaWRUV RI WKe IRUP (1), LQcOXdLQJ VRPe

 WKaW aUe QRW IRXQd LQ VWaWLVWLcaO SacNaJeV. TKeUe KaYe beeQ

 VeYeUaO RWKeU QRQSaUaPeWULc TXaQWLOe eVWLPaWRUV SURSRVed

 WKaW aUe QRW RI WKe IRUP (1) (e.J., HaUUeOO aQd DaYLV 1982;

 SKeaWKeU aQd MaUURQ 1990), bXW WKeVe aUe QRW LPSOePeQWed

 LQ ZLdeO\ aYaLOabOe SacNaJeV aQd VR aUe QRW cRQVLdeUed KeUe.

 We aOVR e[cOXde VaPSOe TXaQWLOeV WKaW aUe QRW deILQed IRU

 aOO S LQcOXdLQJ KLQJeV aQd RWKeU OeWWeU YaOXeV (HRaJOLQ 1983)
 aQd UeOaWed PeWKRdV (FUeXQd aQd PeUOeV 1987).

 A cORVeO\ UeOaWed SURbOeP LV WKe VeOecWLRQ RI SORWWLQJ SRVL-

 WLRQ LQ a TXaQWLOe SORW LQ ZKLcK X(N) LV SORWWed aJaLQVW PN RU

 LQ a TXaQWLOe-TXaQWLOe SORW LQ ZKLcK X(N) LV SORWWed aJaLQVW
 G-1 (SN) ZKeUe G LV a dLVWULbXWLRQ IXQcWLRQ. VaULRXV UXOeV
 IRU PN KaYe beeQ VXJJeVWed (Vee CXQQaQe 1978; HaUWeU 1984;

 KLPbaOO 1960; MaJe 1982). EacK SORWWLQJ UXOe cRUUeVSRQdV

 WR a VaPSOe TXaQWLOe deILQLWLRQ b\ deILQLQJ QL(PN) = X(N)
 aQd XVLQJ OLQeaU LQWeUSROaWLRQ IRU S + PN HRZeYeU, WKe cUL-
 WeULa b\ ZKLcK a SORWWLQJ SRVLWLRQ LV cKRVeQ (e.J., WKe ILYe
 SRVWXOaWeV RI GXPbeO 1958, SS. 32-34 RU WKe WKUee SXUSRVeV

 RI KLPbaOO 1960) Pa\ be TXLWe dLIIeUeQW IURP WKe cULWeULa
 IRU cKRRVLQJ a JRRd VaPSOe TXaQWLOe deILQLWLRQ.

 We cRPSaUe VaPSOe TXaQWLOe deILQLWLRQV RI WKe IRUP (1)

 b\ deVcULbLQJ WKeLU PRWLYaWLRQ aQd ZKeWKeU RU QRW WKe\ SRV-

 TabOe 1. SL[ DeVLUabOe PURSeUWLeV IRU a SaPSOe QXaQWLOe

 P1: QM(S) LV cRQWLQXRXV.

 P2: FUeT(XN < 0L(S)) > SQ.
 P3: FUeT(XN < QM(S)) = FUeT(XN > Q(1 - S)).

 P4: WKeUe QM-1 ([) LV XQLTXeO\ deILQed,

 Q; (X(N)) + QM (X(Q-N?1)) = 1 IRU N = 1, . Q.
 P5: WKeUe QM-7' ([) LV XQLTXeO\ deILQed,

 Q-1 (X(1)) > 0 aQd 71 (X(Q)) < 1.

 P6: Q6(.5) LV eTXaO WR WKe VaPSOe PedLaQ deILQed b\

 [X(S) + X(/+1)]/2 LI Q = 2/
 X(/+ 1) LI Q = 2/ + 1.

 RRb J. H\QdPaQ LV LecWXUeU, DeSaUWPeQW RI MaWKePaWLcV, MRQaVK UQL-
 YeUVLW\, COa\WRQ, VLcW., AXVWUaOLa 3168. YaQaQ FaQ LV EdLWRU, WRUOd ScLeQ-
 WLILc PXbOLVKLQJ CR. PWe LWd., 1022 TaL SeQJ AYe., #05-3520 TaL SeQJ IQ-
 dXVWULaO EVWaWe, SLQJaSRUe 534415. TKe aXWKRUV WKaQN DU. JaQe MaWWKeZV,
 KaOO\ YXeQ, VLcN\ R\aQ, aQd TRQ\ WRKOeUV IRU OeWWLQJ WKeP (aQd KeOSLQJ
 WKeP) XVe WKeLU SacNaJeV.
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 VeVV WKe VL[ SURSeUWLeV VKRZQ LQ TabOe 1. (TKe QRWaWLRQ

 FUeT(XN < [) deQRWeV WKe QXPbeU RI RbVeUYaWLRQV OeVV WKaQ

 RU eTXaO WR [.)
 PURSeUW\ P1 LV baVed RQ WKe cRPPRQ aVVXPSWLRQ WKaW

 Q(S) LV a cRQWLQXRXV IXQcWLRQ RI S. PURSeUW\ P2 LV WKe VaP-

 SOe aQaORJ RI WKe UeVXOW F(Q(X)) > X (ZLWK eTXaOLW\ ZKeQ F

 LV cRQWLQXRXV). PURSeUWLeV P3 aQd P4 aUe V\PPeWU\ SURSeU-

 WLeV WKaW UeTXLUe WKaW WKe WaLOV RI WKe XQdeUO\LQJ dLVWULbXWLRQ

 aUe WUeaWed eTXaOO\. P3 LV eTXLYaOeQW WR FUeXQd aQd PeUOeV'
 (1987) cULWeULRQ B IRU TXaUWLOeV. PURSeUW\ P5 UeIOecWV WKe Ue-

 VXOW WKaW IRU a cRQWLQXRXV dLVWULbXWLRQ, Ze e[SecW WKeUe WR

 be SRVLWLYe SURbabLOLW\ IRU YaOXeV be\RQd WKe UaQJe RI WKe

 daWa. PURSeUW\ P6 LV VeQVLbOe JLYeQ WKe ZLdeVSUead XVe RI
 WKe VaPSOe PedLaQ.

 2. DISCONTINUOUS FUNCTIONS

 DeILQLWLRQ 1. TKe ROdeVW aQd PRVW VWXdLed deILQLWLRQ LV

 WKe LQYeUVe RI WKe ePSLULcaO dLVWULbXWLRQ IXQcWLRQ RbWaLQed
 b\ VeWWLQJ UQ= 0 aQd

 I LI J> 0

 7=OLI J=0.

 TKLV LV WKe VWeS IXQcWLRQ VKRZQ VcKePaWLcaOO\ LQ FLJXUe 1.

 TKe YaOXe RI WKe IXQcWLRQ aW eacK MXPS LV VKRZQ aV a VROLd

 SRLQW (*). FRU WKLV deILQLWLRQ

 FUeT(XN < Q1(P)) = LSQ]

 aQd

 FUeT(XN > Q1(1 - P)) =LSQU+ 1].

 DeILQLWLRQ 2. Q2 (P) LV VLPLOaU WR Q1 (S) e[ceSW WKaW aYeU-
 aJLQJ LV XVed ZKeQ J = 0. HeQce P= 0,

 J=0
 I J > 0

 aQd

 FUeT(XN < Q2 (P)) = FUeT(XN > Q2 (1 - P)) = FSQ.

 Q2(P) LV VKRZQ LQ FLJXUe 2.
 DeILQLWLRQ 3. Q (P) LV deILQed aV WKe RUdeU VWaWLVWLc X(N)

 ZKeUe N LV WKe QeaUeVW LQWeJeU WR QS. SR Ze VeW P= - 1 aQd,

 ZKeQ J > 0, OeW a = 1. AW J = 0 WKeUe LV PRUe WKaQ RQe Za\

 WR deILQe "QeaUeVW." OQe aSSURacK, ZKLcK LV LPSOePeQWed LQ

 SAS, LV WR cKRRVe WKe QeaUeVW eYeQ RUdeU VWaWLVWLc aW J 0.
 HeQce

 a 0 LI J = 0 aQd M eYeQ
 aQd

 1 RWKeUZLVe.

 FRU WKLV deILQLWLRQ

 FUeT (XN _ Q 3 ( U)) ^LSQL LI J = 0 aQd LSUQL eYeQ
 LSQ + RM RWKeUZLVe

 aQd

 _SI FSU+L? LI J = 0
 FUeT(XN > Q3(1 -S)) - aQd L(1 -S)UQM eYeQ

 [FSQU ?1 RWKeUZLVe.

 FLJXUe 3 VKRZV Q3 (S). We VXPPaUL]e WKe SURSeUWLeV RI
 WKeVe VaPSOe TXaQWLOe deILQLWLRQV LQ TabOe 2.

 3. PIECEWISE LINEAR CONTINUOUS
 FUNCTIONS

 TKe UeOaWed SURbOeP RI VeOecWLQJ a SORWWLQJ SRVLWLRQ ZKeQ
 SORWWLQJ TXaQWLOeV OeadV WR a QXPbeU RI VaPSOe TXaQWLOe deI-
 LQLWLRQV cRQVWUXcWed b\ OLQeaUO\ LQWeUSROaWLQJ beWZeeQ SORW-

 [ - 0

 X 0'+1)

 X (M)-

 [( 1) ,_,_,_ _

 (M-1)/Q M/Q (0+1)/Q

 FLJXUe 1. ScKePaWLc ReSUeVeQWaWLRQ RI Q1 (S).

 0
 [- 0+1

 0

 [ (M)-

 [ L-1) -
 I I I >

 (M-1)/Q M/Q (0+1)/Q

 FLJXUe 2. ScKePaWLc ReSUeVeQWaWLRQ RI 02(P).

 - a a a a a a a a R

 X (M)-

 X-1)

 (M-1)/Q M/Q (M+1)/Q

 FLJXUe 3. ScKePaWLc ReSUeVeQWaWLRQ RI 03(S) (M EYeQ).
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 TabOe 2. SXPPaU\ RI PURSeUWLeV RI QI (S), 02(S), aQd Q3(S)

 DeILQLWLRQ P1 P2 P3 P4 P5 P6

 1 V V (Q Rdd)
 2 <

 3 V

 WLQJ SRVLWLRQV. BORP (1958) cRQVLdeUed WKe SORWWLQJ SRVLWLRQ

 N - ae
 PN 0+ V

 ZKeUe a aQd ,B aUe cRQVWaQWV, ZKLcK LQcOXdeV aOO WKe XVXaO

 SORWWLQJ SRVLWLRQV WKaW aUe adYRcaWed. IQWeUSROaWLQJ beWZeeQ

 WKe SRLQWV (PN, X(N)) JLYeV a VaPSOe TXaQWLOe RI WKe IRUP
 (1) ZLWK P = a + S(O - a - S3) aQd a = J. HaUWeU (1984)
 SURYLdeV a UeYLeZ RI WKe YaULRXV SORWWLQJ SRVLWLRQV WKaW KaYe

 beeQ SURSRVed. OQe e[aPSOe LV VKRZQ LQ FLJXUe 4 IRU a = 0

 aQd 0 = 1 VR WKaW PN = N/Q. TKLV LV aQ LQWeUSROaWLRQ RI WKe
 VWeS IXQcWLRQ RI DeILQLWLRQ 1.

 OI cRXUVe, P1 LV VaWLVILed IRU aOO VXcK deILQLWLRQV. AOVR,

 FUeT(XN Q )L (S)) = L PT + PM

 = LSQ + a + S(O-a _a )L

 aQd

 FUeT(XN ? Q(1 )) = LSQ - UP + 1]

 = LSQ-a-S(O-a-/3) + 1L.

 HeQce P2 LV VaWLVILed IRU aOO S LI aQd RQO\ LI a + 13 < 1 aQd
 a > 0, aQd P3 LV VaWLVILed IRU aOO S LI aQd RQO\ LI a = 1 = '
 LQ ZKLcK caVe P= 2

 FRU P4 WR KROd Ze UeTXLUe PN + PQ-N+1 1, aQd VR
 a = /, aQd IRU P5 Ze Qeed a < 1 aQd /3 < 1.

 II Q = 21,

 QM(.5) = (1 - 7Y)X(LO+PM) + 'YX(LO+7Q+1J),

 ZKeUe = P - LPL. SR IRU eYeQ Q, P6 LV VaWLV-
 ILed LI aQd RQO\ LITP = 1 ZKeQ S 1, ZKLcK RccXUV ZKeQ 2 2

 a =3. II QU 21 + 1,

 QM(.5) (1 - )\)X([LO+7Q+1/2M) + 'YX( L+LQ+3/2 )

 ZKeUe a = + P - L2 + PL]. SR IRU Rdd Q, P6 LV VaWLVILed LI
 aQd RQO\ LI P T ZKeQ S =. SR aJaLQ Ze Qeed a = 3.

 DeILQLWLRQ 4. PaU]eQ (1979) VXJJeVWed deILQLQJ a VaPSOe
 TXaQWLOe b\ LQWeUSROaWLQJ WKe VWeS IXQcWLRQ RI DeILQLWLRQ 1
 aV VKRZQ LQ FLJXUe 4. TKLV aPRXQWV WR PN = N/Q.

 DeILQLWLRQ 5. A 'YeU\ ROd deILQLWLRQ, SURSRVed b\ Ha]eQ
 (1914) aQd SRSXOaU aPRQJ K\dURORJLVWV, LV baVed RQ PN
 (N - ')/Q. TKLV LV WKe YaOXe PLdZa\ WKURXJK eacK VWeS RI
 DeILQLWLRQ 1.

 TKe UePaLQLQJ deILQLWLRQV aUe deULYed RQ WKe baVLV RI eVWL-
 PaWLRQ aUJXPeQWV. LeW L be VRPe PeaVXUe RI ORcaWLRQ VXcK

 aV WKe PeaQ, PedLaQ, RU PRde. TKeUe aUe WZR cOaVVeV RI

 TXaQWLOe deILQLWLRQV WKaW aUe deULYed XVLQJ eVWLPaWLRQ aUJX-

 PeQWV. TKe ILUVW aSSURacK cKRRVeV PN =LF(X(N)) aQd WKe
 VecRQd aSSURacK cKRRVeV PN =F(LX(N)). II F LV WKe XQL-

 IRUP dLVWULbXWLRQ, WKe WZR aSSURacKeV aUe eTXLYaOeQW. AOVR,

 LI L deQRWeV WKe PedLaQ aQd F LV VWULcWO\ PRQRWRQLc, WKe WZR

 aSSURacKeV aUe eTXLYaOeQW becaXVe WKe PedLaQ LV LQYaULaQW

 XQdeU PRQRWRQLc WUaQVIRUPaWLRQ.

 FROORZLQJ WKe ILUVW aSSURacK, QRWe WKaW F(XN) KaV a XQL-

 IRUP dLVWULbXWLRQ VR F(X(N)) KaV WKe VaPe dLVWULbXWLRQ aV
 WKe NWK-RUdeU VWaWLVWLc IURP a XQLIRUP dLVWULbXWLRQ, QaPeO\

 WKe beWa dLVWULbXWLRQ 4(N, Q - N + 1). HeQce WKLV aSSURacK

 LV dLVWULbXWLRQ-IUee LQ WKe VeQVe WKaW WKe UeVXOWLQJ SORWWLQJ

 SRVLWLRQV dR QRW deSeQd RQ WKe dLVWULbXWLRQ F. DeILQLWLRQV

 Q6(P), Q7(P), aQd Q8(P) caQ be deULYed LQ WKLV Za\.
 DeILQLWLRQ Q9(S) LV deULYed IROORZLQJ WKe VecRQd aS-

 SURacK (aQd becaXVe Q8(P) XVeV L = PedLaQ, LW caQ aOVR
 be deULYed IROORZLQJ WKe VecRQd aSSURacK). NRWe WKaW deIL-
 QLWLRQV deULYed LQ WKLV Za\ aUe L-XQbLaVed becaXVe

 Q(PN) = Q(F(LX(N))) = LX(N) = LQL(SN).

 HRZeYeU, WKeVe deILQLWLRQV aUe QRW dLVWULbXWLRQ-IUee becaXVe

 dLIIeUeQW YaOXeV RI PN UeVXOW IRU dLIIeUeQW dLVWULbXWLRQV F.

 COeaUO\, RQO\ Q8 (P) LV bRWK L-XQbLaVed aQd dLVWULbXWLRQ-
 IUee.

 DeILQLWLRQ 6. WeLbXOO (1939) aQd GXPbeO (1939) SUR-

 SRVed PN = N/(Q + 1). IQ WKLV caVe PN = EF(X(N)) aQd
 WKe YeUWLceV dLYLde WKe VaPSOe VSace LQWR Q + 1 UeJLRQV,
 eacK ZLWK SURbabLOLW\ 1/(Q + 1) RQ aYeUaJe. IQ SaUWLcXOaU,

 PU(X < X(L)) = PU(X > X(Q)) = 1/(Q + 1).
 DeILQLWLRQ 7. GXPbeO (1939) aOVR cRQVLdeUed WKe PRdaO

 SRVLWLRQ PN = PRdeF(X(N)) = (N - 1)/(Q - 1). OQe QLce

 SURSeUW\ LV WKaW WKe YeUWLceV RI Q7(S) dLYLde WKe UaQJe LQWR
 Q- 1 LQWeUYaOV, aQd e[acWO\ 100S% RI WKe LQWeUYaOV OLe WR
 WKe OeIW RI Q7(S) aQd 100(1 - S)% RI WKe LQWeUYaOV OLe WR WKe
 ULJKW RI Q7(P).

 DeILQLWLRQ 8. TKe PedLaQ SRVLWLRQ, MF(X(N)), ZKeUe M

 deQRWeV WKe PedLaQ, LV PRUe dLIILcXOW WR RbWaLQ. UVLQJ aQ aS-
 SUR[LPaWLRQ WR WKe LQcRPSOeWe beWa IXQcWLRQ UaWLR (JRKQVRQ

 aQd KRW] 1970, S. 48) Ze ILQd MF(X(N)) (N- 3)/(Q+ 3).
 TKeUeIRUe, Ze deILQe WKe VaPSOe TXaQWLOe b\ VeWWLQJ PN

 (N - )(Q + )
 IQ IacW, WKe UeVXOWLQJ VaPSOe TXaQWLOe LV PedLaQ XQbLaVed

 RI RUdeU R(Q-'/2) (ReLVV 1989). ReLVV aOVR VWaWeV WKaW WKe
 UeVXOWLQJ VaPSOe TXaQWLOe LV RSWLPaO LQ WKe cOaVV RI aOO eVWL-

 X (M+)d [ 0+2) ,O
 X 01)

 I I I I I
 (M-1)/Q M/Q (0+1)/Q (M+2)/Q

 FLJXUe 4. ScKePaWLc ReSUeVeQWaWLRQ RI 64 (S).
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 TabOe 3. SXPPaU\ RI PURSeUWLeV RI QL (S), L = 4,..., 9

 DeILQLWLRQ ca /3 P P1 P2 P3 P4 P5 P6

 4 0 1 0 / /
 5 1 1 1 5 2 2 2 V/ V/ V V V

 6 0 0 S / / / / V
 7 1 1 L-S / / / V

 8 3 3 S +
 8 8 4 V8 V / V V V

 PaWRUV WKaW aUe PedLaQ XQbLaVed RI RUdeU R(Q-U/2) aQd eTXL-

 YaULaQW XQdeU WUaQVOaWLRQV (VKLIWLQJ WKe RbVeUYaWLRQV

 aPRXQWV WR VKLIWLQJ WKe dLVWULbXWLRQ RI QL (S)).
 HRaJOLQ (1983) VKRZV WKaW ZKeQ S LV aQ LQWeJeU PXOWLSOe

 RI ( 5)1 ZKeUe 1 LV aQ LQWeJeU, Q8 (S) JLYeV aSSUR[LPaWeO\ WKe
 VaPe UeVXOWV aV "OeWWeU YaOXeV."

 BeQaUd aQd BRV-LeYeQbacK (1953) aOVR aUJXe IRU PN

 MF(X(N)), bXW XVe WKe aSSUR[LPaWLRQ PN - (N -.3)/
 (Q+ .4).

 DeILQLWLRQ 9. BORP (1958) VKRZV WKaW PN (N -)/
 (Q + 4) JLYeV a beWWeU aSSUR[LPaWLRQ WR F(EX(N)) IRU WKe

 QRUPaO dLVWULbXWLRQ. TKeUeIRUe, Q9(PN) LV aQ aSSUR[LPaWeO\
 XQbLaVed eVWLPaWe RI Q(PN) ZKeQ F LV QRUPaO. BecaXVe WKLV
 deILQLWLRQ LV dLVWULbXWLRQ-deSeQdeQW, LW WeQdV WR be XVed IRU

 QRUPaO QQ SORWV UaWKeU WKaQ aV a JeQeUaO VaPSOe TXaQWLOe

 deILQLWLRQ. AQaORJRXV PN IRU RWKeU dLVWULbXWLRQV aUe OLVWed LQ

 CXQQaQe (1978).

 We VXPPaUL]e WKe SURSeUWLeV RI WKeVe deILQLWLRQV LQ

 TabOe 3.

 4. STATISTICAL PACKAGES

 IQ WKLV VecWLRQ Ze VXPPaUL]e WKe VaPSOe TXaQWLOe deILQL-

 WLRQV WKaW aUe LPSOePeQWed LQ VRPe PaMRU VWaWLVWLcaO SacN-

 aJeV. NRWe WKaW Ze RQO\ cRQVLdeU cRPPaQdV WKaW cRPSXWe

 TXaQWLOeV e[SOLcLWO\, aQd Ze LJQRUe LPSOLcLW TXaQWLOe deIL-

 QLWLRQV WKaW aUe XVed LQ SURbabLOLW\ SORWV, TXaQWLOe-TXaQWLOe
 SORWV, aQd bR[SORWV. OIWeQ a SacNaJe ZLOO XVe a dLIIeUeQW

 deILQLWLRQ RI VaPSOe TXaQWLOe LQ a SORW IURP ZKaW LV XVed

 ZKeQ e[SOLcLWO\ cRPSXWLQJ TXaQWLOeV.

 BMDP: SLQce WKe 1990 UeOeaVe RI BMDP, TXaUWLOeV LQ

 BMDP 2D KaYe beeQ cRPSXWed XVLQJ Q6(P). MRUe JeQ-
 eUaO TXaQWLOeV caQQRW be cRPSXWed. NRWe WKaW WKe PaQXaO

 (BMDP 1992) LQcRUUecWO\ deVcULbeV WKe PeWKRd RI cRPSXW-

 LQJ TXaUWLOeV.

 GLIM: TKe $Wab SeUceQWLOe cRPPaQd RI GLIM

 V3.77 JLYeV Q2(P), ZKLOe $Wab LQWeUSROaWe JLYeV
 QS(P) (GLIM 1987).

 MLQLWab: TKe DESCRIBE cRPPaQd cRPSXWeV TXaUWLOeV

 XVLQJ Q6 (P) (MLQLWab 1994). TKe TXaUWLOeV SURdXced b\ WKe
 e[SeULPeQWaO cRPPaQd %DESCRIBE aUe QRW dRcXPeQWed,

 bXW QXPeULcaO e[SeULPeQWV VXJJeVW WKaW Q2 (P) LV XVed. OWKeU

 TXaQWLOeV aUe QRW aYaLOabOe.

 SAS: PROC UNIVARIATE aOORZV ILYe dLIIeUeQW TXaQ-

 WLOe deILQLWLRQV (SAS 1990): Q1(P), Q2(P), Q3(P), Q4(P),
 aQd Q6(P).

 SSOXV: TKe TXaQW L Oe ( ) cRPPaQd RI SSOXV 3.1 XVeV

 Q7(P) (aOWKRXJK S-PLUS (1991) VWaWeV WKaW Q5(P) LV XVed).
 SPSS: TKe IUeTXeQcLeV cRPPaQd RI SPSS aSSeaUV WR

 XVe Q6(S), aOWKRXJK WKLV LV QRZKeUe dRcXPeQWed.

 5. SUMMARY AND CONCLUSIONS

 OQO\ Q5(P) VaWLVILeV aOO VL[ SURSeUWLeV, P1-P6. HRZeYeU,
 LW LV a cRPSURPLVe deILQLWLRQ LQ WKe VeQVe WKaW LW LV deULYed

 b\ LQWeUSROaWLQJ beWZeeQ WKe PLdSRLQWV RI WKe LQYeUVe RI WKe

 dLVWULbXWLRQ IXQcWLRQ. IW LV QRW MXVWLILed RQ WKe baVLV RI aQ

 eVWLPaWLRQ aUJXPeQW. DeILQLWLRQV Q6 (P)-Q9(S) eacK VaWLVI\
 ILYe RI WKe VL[ SURSeUWLeV, aQd WKeLU deULYaWLRQV aUe PRUe eaV-

 LO\ MXVWLILed. OI WKeVe, Q8 (S) VeePV WKe beVW becaXVe LW JLYeV
 (aSSUR[LPaWeO\) PedLaQ-XQbLaVed eVWLPaWeV RI Q(S) UeJaUd-
 OeVV RI WKe dLVWULbXWLRQ, F. BRWK Q6(S) aQd Q7(S) aUe aOVR
 dLVWULbXWLRQ-IUee, bXW WKe\ aUe QRW XQbLaVed, ZKeUeaV Q9(P)
 LV aSSUR[LPaWeO\ XQbLaVed IRU WKe QRUPaO dLVWULbXWLRQ, bXW

 QRW IRU RWKeU dLVWULbXWLRQV.

 TKe cXUUeQW YaULaWLRQ LQ VaPSOe TXaQWLOe deILQLWLRQV

 caXVeV cRQIXVLRQ, aQd VR WKeUe LV a Qeed WR VWaQdaUdL]e WKe
 deILQLWLRQ RI VaPSOe TXaQWLOe acURVV SacNaJeV aQd ZLWKLQ

 SacNaJeV. TKLV LV aQ aQaORJRXV VLWXaWLRQ WR WKe SURbOeP RI
 deILQLQJ VaPSOe YaULaQce. IQ WKaW caVe WKe VWaWLVWLcaO cRPPX-

 QLW\ KaV adRSWed WKe XQbLaVed deILQLWLRQ (ZLWK deQRPLQaWRU

 Q- 1) aV WKe VWaQdaUd UaWKeU WKaQ WKe PRUe LQWXLWLYe aYeUaJe
 RI VTXaUed deYLaWLRQV (ZLWK deQRPLQaWRU Q) RU WKe PLQLPXP
 MSE deILQLWLRQ (ZLWK deQRPLQaWRU Q + 1 IRU a QRUPaO dLV-
 WULbXWLRQ). TKLV aYRLdV cRQIXVLRQ aQd eQVXUeV cRPSaUabOe
 UeVXOWV RQ aOO VRIWZaUe. We beOLeYe WKeUe LV a VLPLOaU Qeed

 WR adRSW a VWaQdaUd VaPSOe TXaQWLOe deILQLWLRQ, aQd Ze SUR-

 SRVe WKaW Q8 (S) LV WKe beVW cKRLce.

 [ReceLYed MaUcK 1995. ReYLVed MaUcK 1996.]
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 A NRWe RQ WKe CaOcXOaWLRQ RI PU^XL < X2 < K *.* < X`

 A. J. HAYTER aQd W. LLX

 SXSSRVe WKaW XL aUe LQdeSeQdeQW UaQdRP YaULabOeV, aQd WKaW
 XL KaV cdI FL([), 1 < L < N. MaQ\ VWaWLVWLcaO SURbOePV
 LQYROYe WKe SURbabLOLW\ PU^XO < X2 < ... < XN `. IQ WKLV
 QRWe a QXPeULcaO PeWKRd LV SURSRVed IRU cRPSXWLQJ WKLV

 SURbabLOLW\.

 KEY WORDS: MXOWLYaULaWe SURbabLOLW\; SWaWLVWLcaO cRP-

 SXWLQJ.

 SXSSRVe WKaW XL aUe LQdeSeQdeQW UaQdRP YaULabOeV (dLV-
 cUeWe RU cRQWLQXRXV), aQd WKaW XL KaV cdI FL([), 1 < L < N.
 We ZaQW WR cRPSXWe WKe SURbabLOLW\ PN = PU^XL < X2 <
 ... < XN `. IQ LVRWRQLc UeJUeVVLRQ LW LV eVVeQWLaO WR ILQd PN LQ
 RUdeU WR ILQd WKe OeYeO SURbabLOLWLeV P(O, N). See, IRU e[aP-
 SOe, RRbeUWVRQ, WULJKW, aQd D\NVWUa (1988 SS. 74-77). IQ
 UaQNLQJ aQd VeOecWLRQ SURbOePV WKe SURbabLOLW\ RI cRUUecW

 UaQNLQJ caQ be e[SUeVVed LQ WeUPV RI PN. See, IRU e[aPSOe,
 BecKKRIeU (1954). TKe VL]e aQd SRZeU RI a PXOWLSOe cRP-

 SaULVRQ WeVW SURSRVed b\ HRcKbeUJ aQd MaUcXV (1978) aOVR
 deSeQd RQ PN- GeQeUaOO\ VSeaNLQJ, PN caQ be cRPSXWed e[-

 acWO\ IRU VPaOO YaOXeV RI N, N < 5 Va\, b\ XVLQJ UeSeaWed

 QXPeULcaO LQWeJUaWLRQV RU VXPPaWLRQV. FRU OaUJe YaOXeV RI

 N, KRZeYeU, WKLV aSSURacK becRPeV LQIeaVLbOe, aQd aQaO\WLc

 aSSUR[LPaWLRQV WeQd WR be XVed; Vee GXSWa (1963) aQd WKe

 UeIeUeQceV WKeUeLQ ZKeQ XL aUe QRUPaO UaQdRP YaULabOeV.
 OXU QXPeULcaO PeWKRd UeOLeV RQ WKe IROORZLQJ VLPSOe Ue-

 cXUVLYe UeOaWLRQVKLS. DeILQe

 UL ([) = PU^XL < [` = F1 ([)

 UL([) = PUIXL < X2 < < XIO < XI, I > I.

 TKeQ LW LV eaV\ WR Vee WKaW

 UL([) U -1 (\)dFI(\), I > 2 (1)

 aQd

 TKe IXQcWLRQ U1 ([) caQ WKXV be caOcXOaWed UecXUVLYeO\ b\ (1).

 TKe baVLc PeWKRd LV WR eYaOXaWe WKe ULJKW-KaQd VLde RI (1)

 aW SRLQWV RQ a cKRVeQ JULd; U1 ([), [ c R LV WKeQ aSSUR[L-

 PaWed b\ SURSeU LQWeUSROaWLRQ aQd e[WUaSROaWLRQ. CRQWLQX-

 LQJ LQ WKLV Za\ XQWLO UN-O ([) LV IRXQd, PN caQ WKeQ be cRP-

 SXWed IURP (2). IQ WKLV SURceVV PRVW RI WKe cRPSXWLQJ WLPe

 LV VSeQW RQ WKe UecXUVLYe caOcXOaWLRQV RI UL ([), ZKLcK LQ-
 YROYeV RQO\ RQe-dLPeQVLRQaO QXPeULcaO LQWeJUaWLRQV RU VXP-

 PaWLRQV. TKe cRPSXWLQJ LQWeQVLW\ WKeUeIRUe LQcUeaVeV abRXW

 OLQeaUO\ LQ N. We KaYe e[SeULPeQWed ZLWK LQdeSeQdeQW QRU-

 PaO UaQdRP YaULabOeV XL b\ XVLQJ OLQeaU aSSUR[LPaWLRQV,
 VeYeUaO dLIIeUeQW JULdV, aQd NAG OLbUaU\ URXWLQe IRU RQe-

 dLPeQVLRQaO QXPeULcaO LQWeJUaWLRQV; RQ a SLOLcRQ GUaSKLcV

 IQdLJR 2 LW WRRN OeVV WKaQ RQe PLQXWe WR cRPSXWe RQe P50

 accXUaWe WR WKe WKLUd decLPaO SOace.
 IQ Ha\WeU aQd LLX (1996) Ze KaYe XVed a VLPLOaU UecXU-

 VLYe PeWKRd WR cRPSXWe WKe cULWLcaO SRLQWV aQd SRZeU RI WKe

 RQe-VLded VWXdeQWLVed UaQJe WeVW RI Ha\WeU (1990). IQ IacW,

 VXcK UecXUVLYe cRPSXWLQJ PeWKRdV aUe IUeTXeQWO\ XVed LQ

 VeTXeQWLaO aQaO\VLV. See, IRU e[aPSOe, EaOeV aQd JeQQLVRQ
 (1992). IW VeePV WKaW VRPe RWKeU SURbabLOLWLeV WKaW KaYe de-

 ILed e[acW caOcXOaWLRQV VR IaU caQ be caOcXOaWed VLPLOaUO\.
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