
Exercise E separability in logistic regression

The loglikelihood of a logistic regressionmodel is

eleftbetayrightsum_i1nyileftXiTbetarightsum_i1nlogleft1expleftXTcdotbetarightrightlogprod_i1npleftyiXiTbetaright
Suppose there exist a vector beta such that

X1Tbeta0 g yi1
X2Tbeta0 g yi0

for i1ldotsn Let A the set of value ofβ satisfying theaboverelationship Note

that any betaleftKrightKbetainA forany k0 Then the log livelihood in K is

lleftbetayrightsum_iyi1XTcdotbetasum_iy1logleft1expleftXTcdotbetarightrightsum_iyi0logleft1expleftXTcdotbetarightright
forany betainB Hence let us evaluate the above in betaleftKrightKbeta

lleftbetaleftkrightyrightsum_iyi1kiTbetasum_iyi1logleft1expleftkcdotxiTbetarightrightsum_iyi0logleft1expleftkcdotxiTbetarightrightPositivePositiveNegative
Now let us consider Krightarrowinfty We get that the last term vanishes hence

lim_Krightarrowinftyeleftbetaleftkrightyrightlim_Krightarrowinftysum_iyi1KleftXiTbetarightlogleft1expleftKXTbetarightrightlim_krightarrowinftysum_iyi1logleftbeginmatrixexpleftkxiTbetaright1expleftkxiTbetarightendmatrixright probabilities

sum_iyi1logleft1right0
Note that as Krightarrowinfty the function is also increasing therefore

sup_betaeleftbetayright0 Note that Lleftbetayrightprod_i1npleftyiXiTbetarightandthemaximumis 1


