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Optimalityof smoothingsplines
Let us prove in the firstplace the following

proposition.PropositionA set of n 72 distinctpoints xiy i can be interpolatedusinga natural
cubic spline with the data points x1ldotsxn as knots The interpolating natural
cubic spline is

unique.Theresult stated in this proposition means that there exist a unique f x such that

yifleftxiright i i1ldotsn

among all possible cubic splines Heuristically the reason behind this proposition

is due to the fact that

fleftxrightsum_j1nNjleftxrightbetaj using X1ldotsXn as

knots.Thereone m freeparameters and n data points thus we can choose β suchthat
it is now invertible

NbetayRightarrowhatbetaN1y
Note that hatbetaN1yleftNTNright1NTy Least square estimate

Pseudo inverseMoore

PenroseThe
main result about the optimality of splines is providedbelow

Theorem Suppose ngeq2 and that f is the natural cubic spline interpolant tothevaluesleftxiyiright satisfying acxic axmcb Let simf beany function in S2leftabright for
which fsimleftxirightyi for i1 M The

int_abrflefttright2dtgeqint_abflefttright2dt

Proof Let us define hlefttrightfsimlefttrightflefttright which Lis dsoinS2leftabright Then

int_abflefttright2dtint_ableftflefttrighthlefttrightright2dtint_abflefttright2dtint_abhlefttright2dt2intbflefttrighthlefttrightdt 11
a

geqint_abflefttright2dt0
0

In fact

int_abflefttrighthlefttrightdtflefttrighthlefttrightabint_abflefttrighthlefttrightdt
Integrationby partsit exists becauseofthepropertiesof

natural cubicsplines

fleftbrighthleftbrightfleftarighthleftarightint_abflefttrighthleftxrightdt1111
0

Becauseof the continuity constraints fleftarightfleftbright
0

int_abflefttrighthlefttrightsum_j0nint_xjxj1flefttrighthlefttrightdt
This is a constant

sum_j1n1fleftxjrightint_xjxj1lefttrightdt integrable

having set X0Q xn1b Summarizing so for we proved that

int_abflefttrighthlefttrightdtsum_j1n1fleftxjrightlefthleftxj1righthleftxjrightright
Note in addition that hleftxirightfsimleftxirightfleftxirightyiyi0 Hence

int_abflefttrighthlefttrightdtsum_j1n1fleftxjrightlefthleftxj1righthleftxjrightright0 0 0
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In principle we can have int_abhlefttright2dt0 which means hlefttrightabtthereforeeis
a linear function However we alsoneed hleftX1rightldotshleftXnright0Rightarrowab0
Hence int_abhlefttright2dt0Leftrightarrowhatflefttrightflefttrightforalltinleftabright
From these results we can finally conclude the following findtheorem.TheoremLet ngeq2 and consider a collection of distinctvalues X1ldotsXn
associated with the responses y1ldotsyn Then there exist a uniqueminizer

hatfleftxrightorgmfcinbeginmatrixLleftfrightS2leftabrightendmatrix
or

f
g
E

m

S2
in absum_i1nleftyifleftxrightright2lambdaint_abflefttright2dt

The minimizer hatfleftxright is a natural cubicsplinewithknots at X1ldotsXn

ProofThe theorem is just a consequence of the previous results Consider a generic

function fsiminS2leftabright whose predictions onehatfleftxiright It is always possible to find
a natural cubic spline with knots of x1ldotsxn called fleftxirightsuch that

zihatfleftxirightfleftxiright i1ldotsn Propertyofinterpolation

which implies that

sum_i1nleftyifsimleftxirightright2sum_i1nleftyifleftxirightright2
However because of the previoustheorem using leftxiziright as datapoints

int_abflefttright2dtgeqint_abflefttright2dt
which concludes the proof because LlefthatfrightgeqLlefthatfright

Fromhere it follows that hatfleftxrightNhatbeta and

hatbetaarmin_betasum_i1nleftyNbetaright2lambdabetaTOmegabetaRightarrowhatbetaleftNTNlambdaOmegaright1NTy

Basicallythe same
proofofridgeregression
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